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We show that there is a class of regular charged black hole with a charged de Sitter core similar 
to the de Sitter-Schwarzschild black hole. One can show that the total energy momentum tensor 
for the static and spherically symmetric photon field can be made conserved even the Coulomb like 
energy momentum tensor for photon is not conserved alone. Possible impact and the numerical 
solutions of the charged black hole will be shown in this paper. 
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O ■ I- INTRODUCTION 

o; 

^^ ' The Penrose cosmic censorship states that: if singularities predicted by General Relativity [|l],p| occur, they must 

' rJ , be dressed by event horizons I^Q. Hence, the search of the regular black hole solutions has been a focus of research 

1—5 ■ interests lately ||-||]. In fact, the study of global regularity of black hole solutions is important for the understanding 

I ' of the final state of the gravitational collapse from some initially regular configurations. 

^vq . Earlier work on regular black hole models can be found in References p-[14| . These regular solutions are referred to 

I as "Bardeen black holes" |9|Jl5|l . In addition, regular black hole solutions to Einstein equations with various physical 

^^ . sources were reported in |5| ]l6| , |l7| . The other approaches to avoid the singularities are the search of some more 

K*" ■ generalized theories, for example, the string/M-theory [03. 

O/ , The Einstein equation reads 

'NT . 

o. 

^-v ■ where G^i, = -^di-Lv^ ~ ^m'^ i^ ^^^ Einstein tensor and T^^ is the matter stress-energy tensor. For example, T^^ — 

("^ \ (A/87r)f/^i, is the contribution from a cosmological constant A. In the absence of the T^^, associated with the other 

■^ I matter, A must be a constant. This follows from the Bianchi identity: D^G^^^ = 0. 

"^3 ' There have been activities trying to treat the cosmological constant A as a dynamical quantity |19|-|26|] . The vacuum 

JL stress-energy tensor has the form T^j, =< p^ac > g^.v in the semi-classical approach of the quantum field theory in 

^Q ' curved space. In this approach, the cosmological term becomes A = Stt < p^ac > which has been studied for more 

(~| i than two decades ]2^^-|35|] . 

?• ■ Note that the de Sitter-Schwarzschild solution found in Ref. [g6| is a black hole solution with a de Sitter core near 

.!^ " r = 0. We will generalize this solution to the charged regular solution by assuming that the matter coupled to the 

S^ ■ gravitational system carries charge. We assume that the charged material has a uniform charge/mass ratio all over. 

}—{ ' Therefore, the r-dependence of the charged density d^ir) is the same as the r-dependence of the mass density p{r) for 
the charged material. We will show that a regular charged black hole solution exists with a charged de Sitter core. 
We will also study the properties of this regular charged solution and its possible impact. 

II. SPHERICALLY COLLAPSING STAR 

In the static and spherically symmetric space, the line element can be written in the form pq 

ds^ = - exp[2A{r)]dt^ + exp[2B{r)]dr^ + r^dfl (2) 

where dfl is the solid angle. One can write exp[— 25] = 1 — 2N{r)/r and show that the Einstein equation Gl = 
-2Tl = -2p{r) reads 

N' = inr^p. (3) 

It is known that the energy momentum tensor of the static and spherically symmetric star takes the following form 

n=T'^^=p{r). (4) 
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with p signifies the pressure contribution. For simphcity we will work on the case where 

T*=T; = p(r), (5) 

which is classified as the type [(II), (II)] field according to the classification of Serge p5[. The tt and rr components 
of the Einstein equation give immediately that A + B = Q once we choose the proportional constant to be zero. In 
addition, the conservation of energy momentum D^T^'' = requires that 

p={r/2)p' + p. (6) 

This equation tells us what the pressure term p should look like with a given energy density p in order to stabilize the 
space induced by the Serge's type [(II), (II)] field we are interested. For example, p — A/2 — Q^/r'*, if p = Q'^ /r'^ + K/2. 
In addition, one has N = M — Q^ /r + Ar'^/G for constant M , Q and A according to equation (||). Note that this is 
the Reissner-Nordstrom solution with a cosmological constant term. 
Note that the U{1) gauge field will provide a Lagrangian of the form 

Cf = -FVStt. (7) 

This will contribute a traceless energy momentum tensor of the form 

T^" = gt^'^F^ /16n ~ F^F''"/47r (8) 

to the Einstein equation. In addition, the U\ electric charge conservation D^^F^^ — AmJ^ with a static source 
J^ = (de(r),0) gives the system a static Coulomb potential A^ = (0(r),O) in the Coulomb's gauge. One can show 
that the electric field is E^ — Ftr — Q{r)/r'^ for this spherically symmetric source. Here Q{r) — 47r/„ r'"^ dr' de(r') is 
the total charge surrounded by the r-sphere. Hence the energy momentum tensor for this charged material can be 
shown to be 

Pe ^ T,*, = T,; = gVSTrr^ (9) 

Pe s T/, = T,; - -p,. (10) 

Here we purposely denote the charge density as d^ because the mass density happens to be the energy density of the 
matter sector while the energy density of the photon sector p^ is not the same as the charge density dg. 
Note also that one should have 

Pe = r9,.pe/2 + Pe (H) 

if the photon energy momentum tensor is conserved, D^Tj^'^ = 0, by itself. But, this is true only if the total charge 
Q is a constant everywhere. Hence, the conservation of energy momentum tensor T^'^ is known to be in-consistent 
with the (5(r)-dependent static electric field given by Er = Q{r)/T'^ for any r-dependent Q — Q{r). In fact, the 
conservation law requires an l/r^ energy density because 

rdrPe + 2pe = ^ 2pe for pe = — Pe = coustaut X l/r^ (12) 

for a the Coulomb's electric field with a constant Q. This easy to verify since the operator rdr is nothing more than 
a power counting operator. Hence the conservation equation 

rdrPe = 2pe - 2pe = -4pe (13) 

simply implies that pe ^ 1/r^. This is a problem one has to deal with in working with the charged solutions for a 
regular distribution of charged material. In fact, the resolution is to assign an additional pressure contribution to the 
matter sector. 

Indeed, one can show that the total energy momentum conservation remain valid if the total pressure p is given by 

P^Pe+ Prn ^ Pe + [Pm + QQ'/Snr^] (14) 

for the r-dependent Q{r) given earlier. Herepm = fPm/^ + Pm is the matter pressure in the absence of the r-dependent 
Q. In other word, the system remains consistent if the matter pressure Pm offers an extra contribution in order to 
counteract the contribution due to the Q(r) term. Note that we only show that a stable static system requires an 
additional pressure for stability. Stable charged stars certainly can exit and this extra pressure simply signifies the 
contribution from a complicated interaction among the charged material. 



Let's imagine a charged material distribution of the foUowing form 

A,„^3A/oexp[-r3]/47r, (15) 

4 = 3goexp[-r3]/47r. (16) 

One can show that the total mass and total charge measured at a distance r read M{r) = Afo(l — exp[— r'^] ) and 
Q{r) = Qo(l — exp[— r^] ) for this charged material. In fact, one can show that the energy of the whole system is 

P = Pm + Pe = 3Moexp[-r3]/4^ + [Ql/8nr^]{l - exp^r^] f. (17) 

Note that Mq and Qo = qMa denote the total mass and total charge measured at spatial infinity. One has assumed 
that each charged matter X carries mass mx and a fixed unit of charge Ze such that q = NZe/AIq = Ze/mx- Here 
N = Mo/mx denotes the total number of the molecular and/or charged material X. 
One can show that the matter pressure of this system is given by 

p^ = 3Afoexp[-r^]/47r - 9Afor^ exp[-r^]/87r + 3Qoexp[-r^](l - exp[-r^])/87rr (18) 

with the last term signifies the counter term from the charged sector. 

One can imagine that charged material carrying mass quanta and charge quanta tries to form a regular black hole 
with a charged de Sitter (cdS) core. If the uncharged matter can form a regular de Sitter-Schwarzschild black hole, the 
charged material should also be able to form a charged regular black hole. Hence we will try to study the possibility 
of finding such kind of regular black hole solution. Note that we have changed the scale r to be dimensionless such 
that r should be r/rp for a physical scale tq typically of the size of radius of the event horizon. In this approach, the 
charged material is bounded mostly inside the ro-sphere. 

Note that the weak energy condition, T^^v^v'^ > 0, for any time-like vector u'^ is violated as r — > for this solution. 
Indeed, one can show that 

47r(p - p) = Q^/r^ + 9Mor^ exp[~r3]/2 - 3Ql exp[-r^]{l - exp[-r3])/2r > (19) 

Therefore, the weak energy condition also requires 9Mor^ — Q^r^ > for all ?' <C 1. This inequality will break down 
for r < Qq/%Mq. Hence the existence of such solution will require the existence of exotic matter |36t] . 

One way out is to assume the charge distribution grows as exp[— r'], namely, Q{r) = Qq{1 — exp[— r']) for some 
I > 2. One can show that the inequality Z > 2 is needed for a regular solution which demand all scale- invariant 
curvature-square terms like R^ be finite everywhere. Hence one can show that the weak energy condition reads 

47r(p -p)= Q^/r^ + 9Mor^ exp[-r3]/2 - IQl exp[-r'](l - exp[-r'])/2r > (20) 

Therefore, the weak energy condition becomes Q^r^'^^^ + 9MQr^ /2 — IQ^r^^^ /2 > when r <C 1. This inequality can 
be made valid for all r <C 1 if Z = 4 and Mq > 4(5q/9. Note that this is not the necessary condition for the weak 
energy condition. Therefore, smaller charge accumulated around the matter distribution can save the weak energy 
condition from breaking-down. 

III. BLACK HOLE SOLUTION 

Note that the charged black hole of this type can be shown to give the following metric solution 

l/.9rr - /" = 1 - 2A/o(l - exp[-r3])/r + Ql{l - exp[-r'])Vr2 - [2lQl/r] [ r'^'^dr' e^-Ail - exp[-r']). (21) 

Jo 

We will focus on the case where / = 4 for the moment. Note that the last term can be integrated to give 

- [8Ql/r]{T[7/4]/3 ~ r[3/4, r^j^ ~ (r[7/4] - r[3/4, 2r^\)l2''l^} (22) 

described by the di-gamma function when I = 4. Note that the last term can be shown to give ~%Q\r^ jl if r ^ 1. It 
is —2lQ\r^^~^ I [21 — 1) if r <C 1 for arbitrary I. In fact, if the horizon is located in region r ^ 1, the metric g" reads 
1 — 2MQr^ — Q\r^ jl . This equation is different from the Reissner-Nordstrom solution by the sign of the last term 
related to Q\. Hence there always exist two distinct event horizons for this regular charged black hole if the horizon 
exists deep inside the rg-core, i.e. r/ro <C 1. 

But this is not the correct picture for a black hole. Matter should reside mostly inside the black event horizon 
where grr diverges. Hence one expects that the radius of the event horizons should be greater than the typical size of 
the ro-core. Therefore, the above naive picture does not hold for the region where r > 1. In fact, numerical analysis 
indicates that there is an event horizon and a Cauchy horizon if Mq > 0.625 in our normalized unit Qo — l/v^- 
Numerical results are plotted in Fig. I. 
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FIG. 1. The lower (upper) thick curve denotes the g^^-r curve for the case Mo = 1 with (without) the last digamma term in 
Eq. (|2l|). The lower (upper) thin curve goes for the case Mo = 0.625 with (without) the last digamma term. The lower thin 
curve indicates the case where extreme charged black hole exists. 



Figure I is plotted only for reference with the total charge set equal to l/-\/2 and mass Mg set as A/q = 1,0.625. 
The lower thick curve denotes the g^^-r curve for the case Mq = 1 with the last digamma term in Eq. (pl|). The 
lower thin curve goes for the case Mq = 0.625 with the last digamma term in Eq. (pi|). Note that the lower thin 
curve indicates the case where extreme charged black hole exists. These are plotted with g^^ given by Eq. (pi|). In 
addition, the upper thin/thick curves are the curves plotted only with g'"'' given by the first three terms in Eq. (|2l|). 
This result indicates that the contribution of the di-Gamma functions can not be ignored. Note also that all curves 
approach g^^ — > 1 at spatial infinity. 

It is known that the event horizon disappears for the Reissner- Nordstrom solution when Qq > Mq. The extreme 
black hole is, however, not present at the condition Qq = Mq in this case. In fact, the mass/charge distribution 
introduced here deforms the extreme condition into a very complicated condition. We are, unfortunately, unable to 
solve algebraically for the exact expression of the Qq-Mq relation for the condition of the extreme black hole. The 
numerical study shows, however, that the physical behavior of the black hole horizons is similar to the Reissner- 
Nordstrom black hole. Event horizon will disappear under a somewhat complicated Qq-Mq relation. Note also that 
one can show that all curvature tensor R^^a < oo for the regular charged black hole solution we just obtained. 
Therefore, this charged solution is indeed regular at r = since all i?^-invarinats are finite at r = 0. 



IV. CONCLUSION 



In summary, we have shown that there is a class of regular charged black hole with a charged de Sitter core similar to 
the de Sitter-Schwarzschild black hole for the type [(2,2)] charged matter. The associated conservation law of energy 
momentum tensor is quite different from the uncharged counterpart. One can show that the energy momentum tensor 
associated with the static and spherically symmetric photon field is not conserved by itself. The resolution is to assign 
an extra photon contribution to the pressure term associated with the matter field Pm- Possible impact and the 
numerical solutions of the charged black hole are also shown in this paper. The structure of this cdS solution could 
be important to the physics of the gravitationally collapsing material. In addition, a more general form of the matter 
distribution can also be shown to establish the stability of these models g^ . This is the first regular exact solution 



with a charged de Sitter core in general relativity based on a physical distribution of charged material JS^I ■ It should 
be important to the understanding of the star evolution if the de Sitter-Schwarzschild solution is realized in nature. 

It is known that the case when I = 3 will lead to the demand of exotic matter that violates the weak energy 
condition when r is small. This problem can be resolved by assuming a smaller charge distribution function, e.g. 
assuming I — 4. We show explicitly that the weak energy condition remains valid for the choice of / = 4 provided 
that Mq is much larger than Qq. For simplicity, we only discuss the case where Z = 4 in most of this paper. The 
generalization to arbitrary I is straightforward. 

No-hair theorem states that all static black holes are characterized uniquely by mass and charge, and have the 
Reissner-Nordstrom form. Similar to the regular solution obtained in Ref. pq], our solution also appears to violate 
the no- hair theorem. In fact, the existence of this sort of regular solution requires a mass and charge distribution 
of the form given by Eq.s (|l5|, E6|) along with a pressure given by Eq.s dl^) and (p^. This is quite different from 
the usual vacuum solution we have before. For example, the behavior of a test particle in- falling to the black hole 
will require additional knowledge about the constituent of the static star. Numerical result also indicates that the 
size of event horizon is of the same order of the size that most of the matter resides, i.e. rn ^ 0(1) while matter 
(charge) density decreases exponentially according to exp[— r'^] (exp[— r^]) . In addition, the regular solution we just 
obtained approaches the R-N solution asymptotically. Therefore, the only measurable quantities in asymptotic region 
are Qq and Mq. Hence one can fairly say that the no- hair theorem holds softly for this solution too. This is because 
all information beyond the event horizon is not reachable from exterior observer. Even it is not clear how one can 
arrange mass and charge the way we want in the core region, it is still a heuristic analysis to study regular models 
similar to the one studied in this paper. 
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